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Using the technique of Gale diagrams we give a characterization of point sets in 
(k - 1)-dimensional Euclidean space that are obtained by projection of the vertex set of a 
convex k-polyt0pe of given combinatorial type. This result is also a first step in finding an 
intrinsic geometric criterion to detect incorrect plane diagrams of 3-dimensional polyhedra. 
In [4] G.C. Shephard iscusses radial projections of convex polytopes. Using 
the technique of Gale transforms he derives an easy geometrical criterion for a 
spherical complex to be obtained by radial projection of a polytope. 
In this note the same technique is applied to answer a related question. We 
characterize all point sets in (k-1)-dimensional Euclidean space that are 
obtained by projection of the vertex set of a convex k-polytope of given 
combinatorial type. The question whether or not a certain cell complex in the 
plane is obtained by projection of a given 3-polytope was considered by B. 
Griinbaum [private communication], who detected and investigated geometrically 
wrong diagrams of 3-dimensional objects in his article [2]. 
The criterion that we derive here is not completely satisfactory in the sense of 
Griinbaum's original question: how to detect 'fake' projections of convex 
3-polytopes into the plane. For, in order to apply the criterion, one has to leave 
the plane and work in the (in general higher-dimensional) space of a Gale 
transform. Nevertheless we think that our argumention enlightens one more time 
the geometrical relevance of duality between point deletions and projections in 
the Gale transform, well known to matroid theorists as deletion and contraction in 
dual pairs of matroids. See Griinbaum [1, Section 5.4] or McMullen [3] for an 
introduction to Gale transforms and diagrams, and Sturmfels [5] for a discussion 
of Gale transform and duality in oriented matroids. 
Let P c R k be a k-polytope with n vertices. We call a set Y = (Yl, • - -, Yn } c 
R k-~ a projection of P if there is a central or parallel projection ~r: I k---> I k-1 c 
R k and a polytope P' = cony X combinatorially equivalent to P such that z~X = Y. 
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With 'conv X' and 'pos X' we denote the convex hull and the positive hull of a 
point set X respectively. The set pos X U -pos  X is denoted by +pos X. 
To see an example, consider the two planar configurations with six points in 
Fig. 1. While the configuration in Fig. l(a) is a projection of a triangular prism, 
the configuration in Fig. l(b) is not. Since the three lines obtained as pairwise 
intersection of three planes are either concurrent or  pairwise parallel, their 
projections must have the same property. However the afline hulls of the 
segments 14, 25, 36 in Fig. l(b) clearly violate this condition. 
We shall need the following two basic results on Gale transforms, which are 
essentially the Theorems 5.4.1 and 5.4.8 in [1]. Given a set of points X= 
{Xl , . . . , x .+ l}  c R k and an index set I c{1 , . . . ,  n +1}, we write X(1):= 
{xi l i ~ I}. 
Lemma. Let X = {.~1, •• . ,  Xn, -~'n+l} C R n-k  be a Gale diagram of X ~- R k. 
(i) X(1) is a coface of X if and only if I = fb or 0 ~ rel int(conv ~'(I)). 
(ii) Let H be a hyperplane which strictly separates x,+l from {Xl,. • •, x,}, and 
define yi :=HN[xi ,  xn+l] for l<~i<~n. Then ~' :={x l , . . .  , x ,}  is a Gale 
diagram of Y := {Yl, • • . ,  Y,,} c H. 
Note that all properties that are expressed in Gale diagrams are invariant under 
projective transformations by [1, Theorem 5.4.7]. Therefore the point x, in part 
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Fig. 1. A projection (a) and a non-projection (b) of a triangular prism. 
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(ii) of the above lemma can be chosen in the hyperplane at infinity as well. This 
shows that a configuration Y = {y~, . . . ,  y~} c- H is obtained by central or parallel 
projection with eye point x,+~ from X\{Xn+I} = {X~, . . . ,  X,} if and only if a 
Gale diagram ~" = {Pl, • • •, Pn} of Y can be extended by one point 3~,+~ to a Gale 
diagram of X. 
Now we are ready to prove the main result. 
Theorem. A set Y= {y~, . . . , y~} c R k-x is a projection o f  a k-polytope P with set 
o f  vertices {Xl, . . . , x .}  i f  and only i f  
f-~ rel in t (+pos  I7"(1)) :/: I~. 
X(1) cofaeet  o f  P 
fo r  a Gale transform Y o f  Y. 
Proof .  (See Fig. 2) First observe that without loss of generality we can prove the 
statement for Gale diagrams rather than Gale transforms. 
Let  Y = {Yl, -. •, Y.} c R k-1 be a projection of P, i.e., the image under central 
or parallel project ion with eye point X.+l of a set of vertices {Xl, •. •, Xn} whose 
convex hull is combinator ial ly equivalent to P. 
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Fig. 2. ,~" ~" {J~l, J[2, X3, J[4, "~5} ill. (b) is a Gale diagram of X = {xl, X2, X3, X4, XS} ill (a). Deleting xs 
in (a) corresponds to projecting X \  {.is} orthogonally onto the normal hyperplane to xs in (b). Central 
projection with eye point x5 in (a) corresponds to deleting -¢5 in (b). 
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Given a Gale transform ~" = {~t, • • •, 2n, 2n+x} of X = {xl, . . . ,  xn, Xn+l} C 
R "-k, let p:R"-t--->R "-k-~ denote the parallel projection onto the hyperplane 
orthogonal to 2,+~. Then {p2~,. . . ,  p~,,} is a Gale transform of (a polytope 
combinatorially equivalent to) P. Therefore by part (i) of the lemma 
0 e N rel int cony p~(I) 
X(1) cofacet of P 
and consequently 
Xn+l E A 
X(/)  cofacet of P 
rel int(+pos ~'(I)). 
Conversely, if the point set Y fulfils the above property, we can choose an 
2n+1 e I"] rel int(+pos ~'(I)) 
X(/) cofacet of P 
and define p as above. The inclusion condition guarantees that p~" is the Gale 
transform of a polytope combinatorially equivalent o P which proves the 
theorem. [] 
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